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it is a wave function

(vanishing integral)6

ΔJ = 0, ±1, 0⇹0selection rule

(-1)J
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J, K, Ka, Kc
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rotational energy

but, of what ?

expansion
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Angular momentum

angular momentum operator
along z axis

was derivative around ɸ

in whole angular 
wavefunction 
only ɸ is 
dependent on ɸ

m is defined by

m :  angular momentum
along z

ΘJm(z) =
1
2JJ!

(1 − z2)
m
2
dm+J

dzm+J
[(z2 − 1)J]

Φ(ϕ) = eimϕ

YJm(z,ϕ) = ΘJm(z)Φm(ϕ)

|Φ(ϕ) |2 = eimϕ ⋅ e−imϕ = 1

∂2Φ
∂ϕ2

= −m2Φ
in laboratory frame
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quantized angular 
momentum on z

Rotational energy what was m and J?

∂2Φ
∂ϕ2

= bΦ Bohr-Sommerfeld 

1916
quantum condition

how did he know that?



Why it is worthwhile taking time for spherical harmonics? 

2

3

4

5

angular momentum

symmetry

it is a wave function

(vanishing integral)6

ΔJ = 0, ±1, 0⇹0selection rule

(-1)J

E = Bh J(J+1)

J, K, Ka, Kc

1

rotational energy

but, of what ?

expansion



Jz

Jx

Jy

3 rotating axes



Jz

Jx Jy

2 ways to increase symmetry

prolate oblate

symmetric top
Jz

Jx Jy



Ia = Σimir2a
ra

Jz

Jx Jy

H =
J2a
2Ia

+
J2b
2Ib

+
J2c
2Ic

J = mrv
I = mr2

A = 1
2Ia

oblate

B = 1
2Ib

C = 1
2Ic

rb

Ib = Σimir2b
Ic = Σimir2c

rb, rc far from rotation axis

ra  close to rotation axis

Ia < Ib = Ic A > B = C

rotational constant

E = 1
2
mv2

= 1
2
(mrv)2/(mr2) = J2

2I

classically



Ia = Σimir2a rc

Jz

Jx Jy

A = 1
2Ia

prolate

B = 1
2Ib

C = 1
2Ic

ra

Ib = Σimir2b

Ic = Σimir2c

ra, rb close to rotation axes

rc  far from rotation axis

Ia = Ib < Ic
A = B > C

rb

A > B = C



Ia = Σimir2a
ra

Jz

Jx Jy

H =
J2a
2Ia

+
J2b
2Ib

+
J2c
2Ic
A = 1

2Ia

B = 1
2Ib

C = 1
2Ic

rb rb, rc far from rotation axis

ra  close to rotation axis

Ia < Ib = Ic A > B = C

H = AJ2z + BJ2x + CJ2y

J = J2x + J2y + J2z

J2z = J2 − (J2x + J2y)

H = AJ2z + B(J2x + J2y)

= AJ2z + B(J2 − J2z)

= BJ2 + (A − B)J2z

E = BJ(J + 1) + (A − B)K2

in molecular frame

this is J

angular 
momentum 
along z

total angular momentum 



H =
J2a
2Ia

+
J2b
2Ib

+
J2c
2Ic
A = 1

2Ia

B = 1
2Ib

C = 1
2Ic

Ia = Ib < Ic A = B > C

H = AJ2x + BJ2y + CJ2z

= B(J2x + J2Y) + CJ
2
z

= BJ2 − (B − C)J2z E = BJ(J + 1) − (B − C)K2
this is J

rc

Jz

Jx Jy

ra

ra, rb close to rotation axes

rc  far from rotation axis

rb

= B(J2 − J2z) + CJ2z

total angular momentum 

angular 
momentum 
along z

in molecular frame



oblateprolate

A > B = C
Ia = Ib < Ic
A = B > C

Ja

A = 1
2Ia

Jb

Jc
Ia < Ib = Ic

Ja

JcJb

E

J=0

if A=B

1

K=0 1

2

3

2

no dependency on K

E = BJ(J + 1) − (B − C)K2E = BJ(J + 1) + (A − B)K2



oblateprolate

A > B = C
Ia = Ib < Ic
A = B > C

Ja

A = 1
2Ia

Jb

Jc

E = BJ(J + 1) − (B − C)K2

Ia < Ib = Ic

Ja

JcJb

E = BJ(J + 1) + (A − B)K2

E

J=0

1

K=0 1

2

3

2

E

J=0

1

K=0 1

2

3

2

if you look at rotational levels can see shape of molecule



oblateprolate

A > B = C
Ia = Ib < Ic
A = B > C

Ja

A = 1
2Ia

Jb

Jc

E = BJ(J + 1) − (B − C)K2

Ia < Ib = Ic

Ja

JcJb

E = BJ(J + 1) + (A − B)K2

E

J=0

1

K=0 1

2

3

2

E

J=0

1

K=0 1

2

3

2

if you look at rotational levels can see shape of molecule

CH3D NH3



Jz

J



Jz

J



Jz

J
Jz

J

Jz

J

K? 

K? 



Jz

J
Jz

J

Jz

J

K=J 

K=0 



Jz

J

1 how it rotates when

K=0 

K=J 



but of what?This is wave function

J = 0

no angular momentum

looking at no particular direction



but of what?This is wave function

J = 1

whole angular momentum along z

|m| = 1

Jz = J



but of what?This is wave function

J = 1 |m| = 1

uncertain principle

Jz = JJz = J

whole angular momentum along z



Jz = 0

J = 1 |m| = 0

0 angular momentum along z



Jz = 0

J = 1 |m| = 0

0 angular momentum along z

axis in x-y plane

probability highest at poles



J = 1 |m| = 1

J = 2 |m| = 2

larger angular momentum

becomes flatter



Why it is worthwhile taking time for spherical harmonics? 

2

3

4

5

angular momentum

symmetry

it is a wave function

selection rule6 ΔJ = 0, ±1, 0⇹0

statistic degeneracy

(-1)J

E = Bh J(J+1)

J, K, Ka, Kc

1

rotational energy

but, of what ?

expansion

gJ = 2J + 1



Exercise today

Jz

J

1 how it rotates when

K=0 

K=J 



Exercise today

Jz

J

1 how it rotates when

K=0 

K=J 

oblate

Ia = Ib < Ic
A = B > C

Ja

A = 1
2Ia

Jb

Jc

E = BJ(J + 1) − (B − C)K2



Exercise today

Jz

J

1 how it rotates when

K=0 

K=J H3+

para H3+

ortho H3+

oblate

Ia = Ib < Ic
A = B > C

Ja

A = 1
2Ia

Jb

Jc

E = BJ(J + 1) − (B − C)K2


