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Chapter 1

Introduction

1.1 Motivation

High pressure differences are expected to appear in the peripheries of merging galaxy clusters,
which occur due to the compressions of the intracluster medium (ICM) by infalling galaxy
sub-clusters towards their potential minimum. By considering a perfect head-on collision, one
can imagine a scenario of a bullet flying through a target and compressing the surrounding
medium due to the projectile’s high velocity relative to the target. In an astrophysical setting,
the bullet can be associated with a highly energetic, small galaxy subcluster. The target is
represented by a more massive subcluster, which gravitationally pulls the surrounding mate-
rial, i.e., other subclusters towards its potential minimum. Once the infallen substructures
collide with the target’s core, the compressed ICM forms shock waves, which propagate to-
wards the peripheries of the galaxy cluster and finally dissipate. Those shock waves occur due
to high pressure differences over a small distance. Head-on collisions are merger scenarios,
where two subclusters collide perfectly on a common axis. Considering this scenario, the
morphology can clearly be assigned to an arc-like shape pointing outwards the location where
the merger occurred. In Figure 1.1, an ideal head-on collision is illustrated. It should be
noted that shocked gas always escapes along the path of least resistance. Hence, equatorial
shocks perpendicular to the collision axis arise in low-density regions once the projectile hits
the target. After the two components have passed their barycenter, two axial shocks moving
towards the outer regions can be expected (Ha et al., 2018).

equatorial shocks
axial shocks

baryonic
matter

escaping substructures

merger axis

infalling substructures

Figure 1.1: An illustration of an ideal head-on collision of two infalling substructures.

In frame 3 the escaping substructure, which consists of dark matter (DM) separate from
the baryonic matter (Ha et al., 2018). This leads to an offset of the visible matter relative to
the cluster’s potential minimum, which, for instance can be verified by observing the X-ray
spectra in conjunction with the gravitational lensing effects (Ha et al., 2018). This displace-
ment can be observed in 1E0657-56, also known as the Bullet Cluster and was reproduced
in high-resolution smoothed-particle hydrodynamics simulations (SPH) by Mastropietro and
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2 CHAPTER 1. INTRODUCTION

Burkert (2008). However, not only an offset in the X-ray spectra, but also in the position of
the Sunyaev-Zeldovich effect (SZ effect) (Sunyaev and Zeldovich, 1970) from the X-ray peak
towards the direction of a radio relic - based on an observation of the galaxy cluster PLCK
G200.9-28.2 - could be asserted (Kale et al., 2017). These observations may indicate an on-
going galaxy cluster merger. By analyzing the offset properties, even the state of the merger
could be studied. Using the hydrodynamic simulation Magneticum1 (Dolag et al. 2016, in
prep) and the tool SMAC (Dolag et al., 2005) in particular, allows a visible detection of an
offset of baryonic matter in comparison to the galaxy cluster’s DM core. Here, the integrated
Subfind algorithm locates the potential minimum of the most massive subcluster, such that
the output files of galaxy clusters are centered to the gravitational centroid of the heaviest
substructure (Dolag et al., 2009). This enables the measurement of radiation-peak-offsets and
their comparison with the shock’s morphology (see Figure 1.2). A closer look at the shock’s
properties is going to be taken in the next section.

Center of gravity

X-ray peak

Center of gravity

X-ray peak

Figure 1.2: Example of a merging galaxy cluster acommodating an offset X-ray peak relative to
its potential minimum. This cluster hosts shocks and was extracted from the tool SMAC of the
cosmological simulation Magneticum.

1.2 Physical Properties of Shocks and their Detection

Shocks indicate an ongoing merger of two galaxy clusters or substructures, since an object
collision is directly linked to a compression of the gas in between. Hence, jumps in pressure,
temperature and density would be expected. Since shocks are not visible by the naked eye
and are characterized by their relative pressure peaks, the question may arise how they can
be detected. The close correlation of pressure and the SZ effect is going to be described in
the following subsection.

1.2.1 The Sunyaev-Zeldovich Effect

During the early stages of the universe (around 3.8 · 105 years after the big bang (Schneider,
2006, 17)) light was emitted due to the recombination of hydrogen. Since the universe is ex-
panding in an accelerating manner, the initial emission of radiation in the visible spectra was
more and more shifted towards lower frequencies, until it reached the microwave spectrum.
Today, this isotropic and homogeneous radiation, which is called the cosmic microwave back-
ground radiation (CMBR) or cosmic microwave background (CMB), can be detected from

1http://www.magneticum.org

http://www.magneticum.org
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arbitrary directions. Travelling through space, the light can be perturbed in wavelength and
direction due to different kinds of obstacles, e.g., the bending of light rays in close proximity
of high-mass objects (better known as gravitational lensing effects). In our case, the more
interesting pertubation phenomenon is the effect of shifting the CMBR towards higher fre-
quencies as a result of scattering. Once the light rays propagate through the ICM, they can
be scattered by high energetic, charged particles like electrons (see Figure 1.3).

ICM
CMBR

scattered CMBR

Figure 1.3: Scattered CMBR by electrons in the ICM.

The ICM mainly consists of ionized hydrogen and helium, where the electrons are indepen-
dently moving apart from their nuclei. Because of the low particle density of approximately
10−3 cm−3, the electrons cannot dissipate energy efficiently. Hence, the plasma reaches tem-
peratures of approximately 3 · 107 K (Schneider, 2006, 225). However, there remains a small
amount of electrons which dissipate energy by scattering photons, a process which is known as
inverse Compton scattering (Carroll, 2014, 1333). In this case, photons coming from the CMB
and are consecutively shifted to smaller wavelengths by each scattering process. The energy
increase of the photon can be calculated by considering the four-momentums of relativistic
photons and electrons. In order to obtain the desired result, the energy-momentum relation
and conservation of momentum needs to be calculated. Following the steps in B.1 leads to
the energy of the scattered photon, which is partially oriented on (Kolanoski and Wermes,
2016, 80-84):

E′γ =
Eγ(1− β cosψ)

(1− β cosψ′) +
Eγ
Ee

(1− cosϕ)
(1.1)

In Figure 1.4, the scattering process is illustrated in detail. Here, the angles between the
propagation directions of the electron and photon before and after scattering are given by ψ
and ψ′, respectively. The angle of the photon before and after scattering is labeled as ϕ.

Figure 1.4: A geometric scetch of the inverse compton scattering.

There are multiple reasons why the SZ effect is a reliable tool for detecting hot cluster gas.
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First, the CMB is isotropically distributed, which means that the amount of scattered photons
remains statistically conserved. In addition, one could expect that strongly redshifted galaxy
clusters would make an SZ signal detection harder, than closer objects. It is important to
keep in mind, that the CMB is almost a perfect black body (Konar et al., 2021). An energy
spectrum shifted by the SZ effect is detectable independently from its distance, whereas a
greater redshift would not effect the strength of the black body spectrum shift towards higher
energies (Carlstrom et al., 2002). This, however, does not explain the connection between the
pressure and the amount of scattered photons.

In general, the SZ effect tells us something about the intensity shift towards higher frequencies
∆I(x) compared to its initial intensity I(x), with x being the reduced frequency:

x =
hν

kBTrad
(1.2)

This relation can be expressed as follows (Longair, 2011, 257):

∆I(x)

I(x)
= y

xex

ex − 1

(
x
ex + 1

ex − 1
− 4

)
(1.3)

In Magneticum, however, the values of the SZ effect output data are given in units of the
Compton-y-parameter, which consists of an integral over the density of electrons ne, the
electron’s temperature Te along the line of sight of the considered galaxy cluster, and various
constants.

y =
kBσT
mec2

∫
neTed` (1.4)

With the Boltzmann constant kB, the electron’s mass me, the speed of light c and the Thom-
son cross-section σT . In this case, Te is the temperature of the ICM.

According to Planelles et al. (2017), the product of ne and Te is proportional to the electron’s
pressure:

neTe ∝ Pe (1.5)

Therefore, the Compton-y-parameter can be interpreted as the pressure integral along the
line of sight.

1.2.2 Scaling of X-ray Emissions

In galaxy clusters, Thermal Bremsstrahlung constitutes the main X-ray source. Here, elec-
trons emit radiation, once they get decelerated or even accelerated due to the Coulomb fields
of atomic nuclei or protons. Since these ionized particles mostly originate in hot plasmas, it
is also expected that Thermal Bremsstrahlung is the main radiation mechanism of X-rays in
the hot cluster gas, i.e., the ICM (Schneider, 2006, 244).

Without going into further details, the X-ray luminosity density Lvol, as described by (Carroll,
2014, 1165), is given by:
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Lvol = 1.42 · 10−28 n2
e T

1/2 Wm−3 ∝ n2
e (1.6)

Here, the electron’s density again strongly relates to the density of the ICM. Now, as the
scaling relations of the SZ effect and pressure and X-ray and the ICM’s density are set up, other
important thermodynamic properties, like the shock’s mach numberM can be derived. Their
relation with other thermodynamic states is described by the so-called Rankine-Hugoniot
jump conditions.

1.2.3 Rankine-Hugoniot Jump Conditions

The conditions of shocked gas can be described by the ratios of the density ρ, temperature T
and pressure p in the up- and downstream. It should be stressed that those differencies in the
shock’s boundaries occur over small distances, which let the jump of two arbitrary conditions
appear like a discontinous change of state (see Figure 1.5).

S
h
o
ck

Figure 1.5: Sketch of a shockwave propagating along the distance d. In the limit, the shock originates
from a discontinuous jump between the two different states x1 and x2 over a small limiting process δ.

These boundaries are determined by the up- and downstream. The shock front is being crossed
by particles moving from the upstream towards the downstream and getting scattered back
and forth. From the reference frame of the shock wave, the unperturbed particles appear to
become turbulent right after they passed the shock front. An illustration of up- and down-
stream is shown in Figure 1.6.

UpstreamDownstream Shock front

Figure 1.6: Pertubation of particles after crossing the shock region. The shock wave propagates in
upstream direction.

Under the assumption of a known adiabatic index γ, these ratios lead to the Mach number
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of the shock front. Considering shocks in a monoatomic gas, the adiabatic index becomes
γ = 5/3. This leads to the Rankine-Hugoniot Jump Conditions, where an explicit derivation
oriented on (Longair, 2011, 314) is given in B.2.

p2

p1
=

2γM2

γ + 1
=

5

4
M2 (1.7)

ρ2

ρ1
=

v1

v2
=
γ + 1

γ − 1
= 4 (1.8)

T2

T1
=

2γ(γ − 1)M2

(γ + 1)2
=

5

16
M2 (1.9)

The Mach number is defined as the ratio of the flow velocity v over the speed of sound cs
of the local fluid, with cs depending on the phase and temperature of the fluid. Hence, the
Mach number is always normalized to the underlying local fluid and can be expressed as:

M =
v

cs
(1.10)

Since shock waves disturb the flows of fluids, it is not easy to calculate its morphological
evolution by hand. A unique derivation of the sheer amount of involved particle trajectories
makes it nearly impossible. Hydrodynamic simulations help to understand the correlations of
the shock’s evolution in time and their morphological properties. A closer look is going to be
taken in the following Subsection.

1.2.4 Morphology of Shocks in Merging Galaxy Clusters

The morphology of shocks in merging clusters does not only depend on pressure, density or
temperature fluctuations, but also on the mass distribution of the merging subclusters (Ha
et al., 2018). As illustrated in Figure 1.7, a light DM clump traces a more energetic shock
with a larger offset of the X-ray peak compared to a heavier DM clump. Predominantely,
ideal head-on collisions produce arc-like shocks, whereas small fluctuations in mass and loca-
tion originate more turbulent and complicated shocks. The mass distribution of dark matter
and baryonic matter shares a center of mass, which is slightly offset compared to its initial
position of the potential minimum.

baryonic
matter

high energetic shock

light DM clump

heavy DM clump

Figure 1.7: Idealized morphology of a head-on merging galaxy cluster. The most energetic and most
offset shock from the baryonic matter is in front of the light DM clump along the merger axis.
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1.2.5 Radio Relics as an Indication of Shocked Gas in the ICM

Due to the vast distance, pressure jumps of shocked gas in the peripheries of galaxy clusters
are hard to detect at most wavelengths. That being said, diffuse radio emissions (also referred
to as radio relics) are expected to trace shock fronts, thus making them a sufficient indicator
of merger shocks appearences (Kale et al., 2017). In this connection, electrons originating
from the cosmic radiation emit synchrotron radiation and scatter photons from the CMB to
high energies (van Weeren et al., 2019). In most cases, the electrons were accelerated due to
Fermi-I acceleration in order to generate these radio relics (van Weeren et al., 2019).2

1.3 Redshift as a Representation of Time

When considering different snapshots, taking different redshifts as representation of time (as
displayed in Figure 4.1) can be quite confusing. Intuitively, one would consider a redshift as
a measure of a distance, since faraway objects are being increasingly shifted towards longer
wavelengths. However, the universe and its cosmology is not just about spacial expansion.

To begin with, the redshift z is defined as the fraction of the difference of emitted and ob-
served wavelengths ∆λ, with λ0 and λ1 being the initially emitted and observed wavelengths,
respectively, devided by λ0.

z =
∆λ

λ0
=
λ1 − λ0

λ0
(1.11)

Following the derivation from (Mukhanov, 2005, 58), a time scaling factor a needs to be
worked out due to the expansion of the universe. An expanding universe can be represented
by comoving coordinates χ. In this scenario, the source of radiation is at the position of some
arbitrary comoving coordinates χ0, whereas the observer’s location χ1 is set to 0. A source
at χ0 can emit light of a conformal time difference ∆η. The time interval at the moment of
emission is not equal to the time interval at the moment of observation, but can be scaled by
the factor a, such that following equality holds:

∆t0 = a(η0)∆η & ∆t1 = a(η1)∆η (1.12)

The following relation between λ0 and λ1 can be established:

λ1

λ0
=
a1

a0
(1.13)

By inserting this relation in equation 1.11, following expression can be obtained:

1 + z =
a1

a0
(1.14)

This immediately leads to a strong correlation between redshift z and time t, which enables
a sufficient parameterization of time.

2These radio relics can for instance be observed by the Low-Frequency Array (LOFAR) (https://www.as
tron.nl/telescopes/lofar/).

https://www.astron.nl/telescopes/lofar/
https://www.astron.nl/telescopes/lofar/
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Chapter 2

Methodology

2.1 Magneticum and its Applications

The underlying cosmological, hydrodynamic, n-body simulation for generating the data of
merging clusters were carried out using Magneticum (Ragagnin et al., 2016). The simulation
Box2b/hr was used for this work. It provides an extensive simulation environment, utiliz-
ing 5 · 1010 particles, covering a volume of (900 Mpc)3 or 640 Mpc h−1. With h being the
dimensionless Hubble constant (Schneider, 2006, 11).

h =
H0

100 km s−1 Mpc−1 (2.1)

Detailed parameters of Box2b/hr are shown in Table 2.1:

Particles Size [Mpc h−1] MDM [M�] Mgas [M�] H0 [km s−1 Mpc−1] Ωm ΩΛ

2 · 28803 640 6.9 · 108 1.4 · 108 70.4 0.272 0.728

Table 2.1: Parameters of Box2b/hr, extracted from the cosmological web portal.

The Web Portal displaying the Magneticum simulation acts like a virtual observatory and
offers several services to be choosen from. In the context of this thesis, Cluster Find and
SMAC have been applied, which can be accessed via the web interface (Ragagnin et al.,
2016).

2.1.1 Cluster Find

In Cluster Find, galaxy clusters are filtered by restricting certain paramters of choice (e.g.,
mass ranges, temperature, etc.), which can also be divided into subcategories. Additionally,
one can decide if the set of interest consists of compact or merging clusters. In this work,
a dataset of 1043 merging clusters was extracted as a csv file, with the set up boundary
conditions being shown in Table 2.2.

According to Zhang et al. (2014), strong SZ-X-ray offsets are expected to appear in massive
galaxy clusters, so the upper mass boundary for the data set was set to the maximum possible
value ofM500c = 1.28495 ·1015M�. Due to density jumps previously mentioned in Subsection
1.2.3 and the X-ray electron density relation (see Subsection 1.2.2), shocked gas also enhances

9
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M500c [M�] T500c [keV] LX [erg s−1] fgas fstars Y500c Msat/McD

Min. value 9.614 · 1013 1.81 0.34 · 1044 0.07 0.02 9.30 0.02
Max. value 1.28495 · 1015 11.34 285.06 · 1044 0.13 0.04 190.66 1.50

Table 2.2: Constraints for the dataset, which have been used for further analysis.

the surface brightness of galaxy clusters in the shocked regions. Furthermore, dense subclus-
ters are also expected to be involved in strong merger (Zhang et al., 2014). Hence, LX was
also set to its maximum value 285.06 · 1044 erg s−1.

2.1.2 SMAC

The service SMAC (Dolag et al., 2005) can generate maps of the baryonic density, total mass
density, mass weighted temperature, bolometric X-ray luminosity and thermal & kinetic SZ
effect. It generates fits1 output file, which can be set to an image size from 128 to 4096
pixels. A certain depth can be generated by setting the image z size to arbitrary values in
units of kpc. It is possible that a cluster of interest may lay in an unfavorable projection
plane, and therefore cannot be used for certain analysis, it is even possible to adjust the
projection to any i-j-plane for i, j ∈ {x, y, z}, where i 6= j. The size factor of the image can
be varied from 1 ·2 ·R500c to 4 ·2 ·R500c. As already reasoned in 1.2.1, the main focus was put
on investigating the thermal SZ effect, i.e., Compton-y maps to generate the corresponding
pressure maps. Also, bolometric X-ray luminosity maps have been extensively generated, in
order to search for correlations in offset X-ray and pressure peaks. While executing every
single job separately - considering a dataset of 1043 galaxy clusters - can be exhausting,
it is possible to execute any Web Portal service via the command line, thanks to Antonio
Ragagnin’s2 code c2pap_batch.py. The code requests jobs, let these jobs be calculated by
the Web Portal and downloads executed jobs to a specified directory autonomously. This
makes it a very efficient method to request SMAC maps for vast datasets.

2.2 Extracting Physical Values from fits Files

Similiar to tiff, jpeg or png files, fits images are bitmaps consisting of pixels. Every pixel
is assigned to a certain position in the grid and hosts certain values, e.g., representing colors.
In contrast to the aforementioned data types, fits files do not store color values per pixel,
but real physical values, for instance the Compton-y parameter for a determined coordinate
in the bitmap grid. In Figure 2.1, a typical fits file is illustrated.

Since bitmaps are numerical values stored in arrays, they can be interpreted by most pro-
gramming languages. The Python module Astropy, which was used in most of this work’s
codes, is amongst other things laid out to interpret fits files. The pixel values of these images
are imported as a matrix. Aside from the pixel values, other information, e.g., the converted
pixel size to physical values or coordinates of the portrayed cluster, can be stored in so-called
headers.

1https://fits.gsfc.nasa.gov/
2https://aragagnin.github.io/

https://fits.gsfc.nasa.gov/
https://aragagnin.github.io/
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Figure 2.1: Illustration of a fits file. Every pixel hosts a certain physical value and can be identified
by its coordinate.

2.2.1 Calculating Distances

Since every cluster has its own unique radius, it is crucial to extract distances of these images
which are normalized to a certain parameter, such that distances from different clusters can
be brought into context. This becomes handy when offsets of certain clusters need to be
compared to each other. A normalized distance dn from any cluster can be calculated by
simple geometrical considerations. First, the distance in units of pixels needs to be calculated
by the pythagorean theorem. As every pixel is indexed by its x and y position, their positions
can be understood as two dimensional vectors in the x-y-plane. Here, the absolute value of
the vector ~d, connecting the center and the position of the desired pixel, is calculted as follows:

|~d | =
√
x2 + y2 (2.2)

An example is shown in Figure 2.2: The desired pixel is offset from the center by 2 pixels in
x-dirextion and 1 pixel in y-direction, which results in a total distance of |~d | ≈ 2.24.

Pixel index
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0

0
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2
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3

3

4

4

Figure 2.2: Calculating distances in bitmaps.

Starting from |~d | in units of pixels, its physical distance can be obtained by multiplying |~d |
with the physical pixel size pphy. In this case the physical pixel size will always be in mag-
nitudes of kpc. In order to obtain distances irrespective of the different galaxy cluster sizes,
r500c can be used to normalize the calculated physical distance. Since r500c can individually
be extracted from the fits header files, a global normalized distance dnorm can be expressed
as
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dnorm =
|~d | · pphy

r500c
(2.3)

2.2.2 Measuring Distances and Physical Values with SAO Image DS9

Generated fits files can be post-processed by several imaging tools - for astronomical pur-
poses, however, it is common to use the program SAO Image DS9 3 (see William Joye (Smith-
sonian Astrophysical Observatory)). It does not only find use in post-processing telescope
images, but also plays a significant role in extracting physical data and enhancing scientific
interpretations from images. In this manner, offsets of shocks and other data peaks starting
from the image’s center were measured.

In order to obtain the distance, a circle was drawn at the center of the image. With its edges
touching the shock front, the radius can be extracted from this region by a simple command.
The radius still needs to be normalized by applying the method from 2.2.1. If one for instance
would measure the distance the shock propagated over time, r(z1) and r(z2) can be extracted
from the radii via DS9 (see Figure 2.3). In this example the values are extracted from the
snapshots showed in Figure 4.1 at redshifts z1 = 0.29 and z2 = 0.25:

r(z1) = 109.93 pixels
(2.3)
≈ 0.47R/r500c (2.4)

r(z2) = 249.70 pixels
(2.3)
≈ 1.11R/r500c (2.5)

with its physical pixel size at redshifts pphy(z1) = 4.50 kpc and pphy(z2) = 4.70 kpc with
r500c(z1) = 1047.66 kpc and r500c(z2) = 1060.44 kpc. Hence, the shock propagated in ∆z over
a distance of:

∆r = r(z1)− r(z2) = 0.64R/r500c (2.6)

Figure 2.3: Measuring the distance of a shock propagating through space over time with DS9.

It shall be noted, however, that distances of surface brightness peaks or centroids have been
automatically calculated by a written python code. Measuring the distances in all of the
clusters by hand would not only be time-consuming, but also increase the measurement un-
certainty.

3https://sites.google.com/cfa.harvard.edu/saoimageds9/home
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2.3 Radial Binning

Looping the iterations of dnorm using python enables to calculate every distance of every
pixel with very little effort. Since every pixel is still storing real physical values (e.g., the
Compton-y parameter), radial profiles starting from the center can be obtained. Generating
radial profiles out of bitmaps originates from the common method of kernel density estima-
tion. Here, all pixels within a certain distance range are binned, which produces a histogram
of counted pixels. However in this manner it is not of interest by counting how often a pixel
is detected at a certain distance, rather knowing what pixel values are how often related to
a certain distance. Using the counted pixel values at certain distances, allows to calculate
the mean physical value at the related dnorm. In Figure 2.4 an illustration about the binning
process is given in three different steps: first, the distributed pixel values are divided into
four different bins (indicated by the dashed lines). Then, the mean pixel value is taken, such
that the distributed values are represented by a horizontal line in each bin. Starting from
the distribution of the horizontal lines in the last step, the best fitting curve is being drawn
through the center of each line, such that it optimally fits the distributed pixel values.
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Figure 2.4: Radial binning of a fits file. The dashed lines mark the boundaries of every bin. Hence,
in total there are four bins. In everey bin there are different pixel values distributed in a certain range.

This method of extracting physical values over a certain region is a common tool in astro-
physics in order to get an idea how certain properties evolve over a given distance. Radial
profiles do not necessarily need to be extracted by averaging over a whole circle domain - it
is also possible to investigate small circle segments defined over a certain polar angle. In this
work, however, profiles were only taken from a fully enclosed radial parameterization. In the
upcoming chapter, the evolution of physical properties over a certain distance is presented.

2.4 Gaussian Filtering

Gaussian filtering is an imaging process, where pixels are smoothed by taking the weighted
average of values in a local region. The strength of the filtering gradient at a certain position
is determined by the two dimensional Gaussian function (Burger and Burge, 2016, 98):

G(x, y) = exp

[
−x

2 + y2

2σ2

]
(2.7)

Starting from the center of the picture, i.e., at the pixel indices (257, 257), the bell shaped
function “travels“ over the image at distances of increasing radii r =

√
x2 + y2. The standard

deviation is represented by σ and can be chosen as a parameter in the code. For the analysis,
σ = 5 was used. The maximum averaging weight is assigned to the pixel at the center of the
bell-shaped function.
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Now the question may arise, why especially this type of image processing becomes handy
for these astrophysical purposes. Since, the picture is smoothed by the pixel value weights,
the filter needs to average over a larger local region, if one pixel differs by a larger gap from
another pixel. As the three-dimensional plot in Figure 2.5 illustrates, the Gaussian filter lifts
a lot more pixels to higher values at the center, since the value gradient from the almost
seeming δ-peak pixel from the original image stands out in comparison to its surrounding
pixels. Now, the plot filtered by the Gaussian may connote a large pixel value lift in genearal,
but this does not hold true for this particular case (see z-axis ticks), which means that the
thin peak from the original picture is attenuated by a certain factor.

In order to obtain a difference in the pixel gradients, the Gaussian image ImGau needs to be
substracted from the original one ImOri and further be devided by the Gaussian picture again.
The final reduced Gaussian image ImRed is given by:

ImRed =
ImOri − ImGau

ImGau
(2.8)

This method produces the desired difference image with respect to the initial pixel value. In
this case, a relative pressure map is being generated from a Compton-y map.

ian fiss lu ta erG  Gaed uc su sd iae nR

Figure 2.5: Gaussian filtering process of cluster number 65 at redshift z = 0.29. The Compton-y
parameter is color-coded from blue to yellow for increasing values.



Chapter 3

The Offset of SZ and X-ray Positions
in Merging Clusters

3.1 Constellations of Shock Morphologies

Within the cluster PLCK G200.9-28.2, a relative offset of 700 kpc between the SZ position
and the cluster’s X-ray peak was detected by Kale et al. (2017). SZ and X-ray signals were
measured by the Planck satellite and the XMM-Newton observations, respectively, and led
to the suggestion that the offset originates from a physical process, i.e., a merger. Hence,
the dataset of simulated clusters for this thesis was restricted to substructures, i.e., member
galaxies, which subject to an ongoing merger. This dataset accommodates 1043 galaxy clus-
ters and is described in more detail in Table 2.2. By applying a Gaussian filtering process (see
Section 2.4) to all of the cluster’s fits files, occuring shocks can be made visible. Looking
through the generated relative pressure maps via SAO Image DS9, the set of clusters hosting
shocks was worked out.

Merger shocks Shock halos Not categorizable No shock

11.22% 7.67% 7.09% 73.92%

Table 3.1: Morphological distribution of detected shocks from the dataset consisting of 1043 merging
clusters.

In this work, merger shocks have been considered as shapes with at least a single arc-like
pressure jump detection (double arc-like shocks count as merger shocks as well). These ap-
pearances should occur perfectly in the observer’s plane, whereas single shocks may be caused
by an unfortunate merger geometry (Kale et al., 2017). Due to the merger’s equatorial shocks,
shock halos may occur whenever the merger axis points perfectly towards the observer’s di-
rection. The shocks appear to be projected as rings around one central cluster. However,
there have been plenty of clusters where either shocked gas has been detected, but could not
be adequately identified as a shock wave, or none of observable merger outcomes have been
detected (the latter has been classified as No shock). Some example data is shown in Figure
3.1. In some cases, it is hard to distinguish to which category a cluster belongs, since axis
projections may cause different kinds merger morphologies.

15
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Cluster ID 895

No shock

Cluster ID 825

Not categorizable

Cluster ID 4

Merger shocks

Cluster ID 299

Shock halo

Figure 3.1: Example clusters for assigned categories.

3.2 Comparison of SZ-X-ray Peak Offsets of Simulated Clusters
to the Observed Cluster PLCK G200.9-28.2

Since the SZ peak is proportional to its pressure (see Equation 1.5) and the X-ray surface
brightness is generally representing high electron densities due its n2

e proportionallity (see
Equation 1.6), Kale et al. (2017) suggested that an SZ-X-ray offset could indicate a merger.
The SZ peak should trace the shock wave and the X-ray peak remains at the densest regions
in the cluster. Hence, the distance of the SZ peak relative to the distance of the X-ray peak
was investigated in the sample data of detected merger shocks, which scored a total amount
of 117 out of 1043 clusters. To obtain proper positions of the SZ and X-ray peaks, again a
Gaussian filter was applied to the raw fits files in order to smooth the transitions and get rid
of small, but strong brightness artefacts unrelated to the merging subclusters. In this case, σ
was set to a value of 20. Some of the simulated mergers reproduced the researcher’s reported
scenario quite well (see Figure 3.2), however, the SZ-X-ray offset in the cluster shown in Fig-
ure 3.2 (ii) is significantly weaker, compared to the observed cluster PLCK G200.9-28.2. The
simulated SZ-X-ray offset amounts to ∼ 226.68 kpc, whereas the observed offset was reported
to extend up to 700 kpc. The dominant shock of cluster 479 reaches a width of ∼ 36.33 kpc
and a maximum length of ∼ 333.13 kpc. This shock sizes 12.98% in width and 32.66% in
length in comparison to the cluster’s PLCK G200.9-28.2 radio relic.

(i) (ii)

Figure 3.2: Comparison of (i) the reported cluster (PLCK G200.9-28.2) by Kale et al. (2017), observed
by the Giant Metrewave Radio Telescope (GMRT) in the 610 MHz spectrum, to (ii) the simulated
cluster (Cluster ID 479). Both host a shock in the cluster’s periphery. In (i) and (ii), the SZ and
X-ray peaks are marked as + and ×, respectively. However, the SZ-X-ray offset, as marked in (ii), is
a lot smaller than in (i).
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In Figure 3.3 a closer look was taken into the radial profiles of the SZ, X-ray and relative
pressure maps, respectively. The dashed annotations mark where each peak is located. By
comparing the SZ and relative pressure profiles one can see a relatable steepening in a region,
right after their peaks. Indeed, this similarity may indicate that the SZ distribution traces
the shock wave. Since the radial profile was calculated over an angle of 360 ◦, a larger pressure
plateau, ranging from approximately 7 · 10−2 to 100R/r500c is assignable to both shocks in
Cluster 479. The lowest value in the relative pressure profile marks the boundary in between
the two shock fronts - also visible in Figure 3.2 (ii) - quite well. In the radial X-ray profile,
it is noticable that the X-ray peak is oriented towards the highest mean X-ray values. As a
result, this supports the suggestion, that the densest region and therefore also the X-ray peak
is generally located towards the cluster’s center.

Figure 3.3: Radial profiles of Cluster 479.

Statistical analyses show how often this particular SZ-X-ray offset scenario occurred, as shown
in Figure 3.2. In Table 3.2, the distribution of multiple SZ-X-ray combinations is given:

Properties A B C D

Proportion 17.09% 8.55% 17.09% 57.26%

Table 3.2: Distribution of SZ-X-ray offset combinations. In this Table A, B, C and D are labelled as
SZ peak in shock direction, X-ray peak in shock direction, SZ & X-ray peak in shock direction and No
correlation, respectively.

The largest offsets, however, have been detected where the subcluster hosting its SZ peak
is not the only object tracing a shock wave or being offset from the barycenter. In these
cases, the subcluster hosting the X-ray peak is representing the bullet, whereas the SZ-Peak
is related to the more massive subcluster, also representing the target (this distribution is
suggested by Zhang et al. (2014)). According to their investigations, an X-ray peak mainly
corresponds to the densest gas region, belonging to the smaller subcluster, on the other hand
the SZ peak is rather oriented towards the larger subcluster, i.e., the center of mass. This
explains why, in some cases, SZ-peaks found towards the inner regions do not necessarily
correspond to a shock (see Cluster ID 918 in Figure 3.4). Cluster 461 and 918 both host the
largest SZ-X-ray offset of the sample data of detected shocks, amounting to 304.09 kpc and
299.24 kpc, respectively (see Figure 3.4).

Even for the most extreme cases, such a large offset as reported by Kale et al. (2017) could not
be found in this dataset. However, the distances in the extracted fits files are projections
of a three-dimensional cluster, mapped onto a two-dimensional plane - hence, distances of
different subclusters of brightness peaks can be distorted due to projection effects (see Figure
3.5). Therefore, the extracted results highly depend on the orientation of the collision axis
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Cluster ID 918Cluster ID 461

Figure 3.4: Centered SZ signal peak and offset X-ray peak.

with respect to the projection plane. Considering the dataset of detected shocks, it is unlikely
to obtain a collision scenario with its collision axis being perfectly oriented parallel towards the
projection plane. It is believed that most cluster collisions end up in an orientation similar
to (ii) in Figure 3.5, which, in almost every case, causes a decrease in the distance of the
separated SZ and X-ray peaks. According to the pythagorean theorem, a three-dimensional
distance is always greater or equal to its two-dimensional projection.

r2D =
√
x2 + y2 ≤

√
x2 + y2 + z2 = r3D (3.1)

With z being the cluster’s depth perpendicular to the projection plane (if z = 0, a perfect pro-
jection exists). In consideration of the projected offsets it should be noted that the obtained
distances are probably shifted towards lower values. However, the distribution shape of the
offset should still remain a statistically sufficient representation, since the initial positions and
the corresponding velocity orientations of the subclusters are evenly distributed. Subfigure
3.5 (ii) could also explain why some of the shocks have a broader opening angle, even if their
location is close to the barycenter. Indeed, the shock wave could propagate over a greater
distance and would have been able to spread into space over time. This creates the illusion
of large shocks ocurring almost in the center of mass.

(ii)(i) (iii)

Figure 3.5: Three kinds of appearances of different projection scenarios, which occur when a three-
dimensional collision is mapped onto a two-dimensional plane. Here, (i) is a perpendicular projection,
(ii) is a slightly shifted projection and (iii) is a parallel projection relative to the collision axis. The
blue and red spheres can either represent SZ or X-ray peaks, as already discussed previously.
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3.3 Investigation of SZ and X-ray Centroids

In order to determine whether an appearence of shocks and an SZ-X-ray peak offset correlate,
the number of certain offset occurrences and their corresponding displacements have been
studied (see Figure 3.6 (i)). The analysis was carried out for the sample of detected shocks
(Sample 1 ), and a sample of no shocks detected, containing the same amount of clusters
(Sample 2 ). By considering the distribution of the counts and the corresponding distance of
measured offsets, no significant difference could be found. A slight increase of the normalized
SZ-X-ray mean offset was calculated for the sample data of detected shocks in comparison to
the dataset, where no shocks were detected (the mean offsets, however, only differ in the third
decimal place). Similar circumstances hold for Subfigure 3.6 (ii), where the SZ-X-ray displace-
ments were extracted by calculating the surface brightness centroid peaks. The displacement
range in (ii) was expected to be a lot smaller than in (i), since SZ and X-ray signals come
from emissions of baryonic matter. As already discussed in Section 1.2.4, a general centering
of baryonic matter, closer to the more massive subcluster, takes place. Hence, calculating the
SZ and X-ray centroids would only result in small displacements relative to each other and
offsets from the center of mass.

(i) (ii)

Figure 3.6: Histogram of the distribution of SZ-X-ray displacements in units of the physical radius,
normalized by r500c. The clusters with detected shocks are labelled in light blue, whereas clusters
hosting no detected shocks are colored in orange. The histogram in (i) was taken by considering only
the surface brightness peaks. (ii) displays the same samples, however taken the emission centroids
from the SZ and X-ray surface brightnesses.

Considering the small difference of the mean SZ-X-ray displacements of detected and no
shocks, it could be possible that this circumstance may occur, because shocks dissipate en-
ergy and hence steepen their relative pressure over time. A shock can disappear from pressure
maps once its energy gets under a certain threshold. Because both datasets were only hosting
merging clusters showcasing more or less the same disturbances of subclusters, it might be
justifiable that - concerning the dataset without detected shocks - most of the strong pressure
jumps already disappeared over time. Hence, merged subclusters could have been decelerated
enough to justify an average movement towards the potential minimum of the cluster took
place. This could cause the slight decrease of SZ-X-ray offsets in clusters, where no shocks
have been detected. Since DM only interacts weakly with baryonic matter, if at all (Chan,
2019), it could be conceivable that this statement of merging evolution could be supported
by investigating the total mass density distribution. By considering clusters with detected
shocks, one could expect the centroid of the total mass density to be closer towards the po-
tential minimum than in datasets without shocks. In this case, it is assumed that - compared
to baryonic matter clumps - DM cores are less efficiently decelarated while the merger pro-
ceeds, which would result in a larger total mass density centroid offset relative to the center
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of gravity of the most massive subcluster. On the other hand, some initial velocities of sub-
clusters could have been too low for generating strong enough pressure jumps in order to
form a shock wave, which could be suggestive of mass distributions of subclusters existing in
the peripheries. However, it is more likely that the merger was not strong enough, and the
general mass distribution is similar to the SZ and X-ray distribution shown in Figure 3.7 (ii).
Further investigations regarding this topics are taken in the next chapter.

(i) (ii)

Figure 3.7: Histograms of the SZ and X-ray centroid offset distributions. In (i), the distribution was
extracted from the dataset, where shocks have been detected, whereas in (ii), the dataset hosting no
shocks was taken into account.

In order to check whether the SZ or the X-ray peak is more oriented towards higher mass
subclusters, additional histograms (see Figure 3.7), with the surface brightness centroid off-
set being calculated relative to the cluster’s center of mass, were generated. The mean SZ
offset is roughly 20 − 30% more shifted towards the center of the most massive subcluster
in comparison to the X-ray centroid, a trend which can be observed in both datasets. This
significant separation indicates quite clear that X-ray centroids have a stronger correlation to
distant shock waves validating an association with a bullet merging through a target (Zhang
et al., 2014). By comparing (i) and (ii) of Figure 3.7, it can be observed that the offset dis-
tribution in the dataset of detected shocks is spread out slightly wider within the range of 0
to 0.4R/r500c, compared to Subfigure (ii). This could indicate that most of the subclusters
are still subjected to the ongoing merger and tend to be located towards the cluster’s periph-
eries. The general decrease of the mean offsets of SZ and X-ray centroids in (ii) could also
point towards subclusters not having enough kinetic energy to reach further distant regions
in the cluster’s peripheries. Besides investigating the total mass density distribution, a larger
dataset would either confirm or refute this statement. However, generating significantly larger
datasets than 1000 clusters would occupy a lot more computation time and would go beyond
the scope of this work.

To validate the distribution of the simulated X-ray centroids by Magneticum a comparison
with observational data provided by Yuan and Han (2020) was investigated. Considering this
data, the researches had to define a centroid shift ω, which determines the X-ray peak offset
relative to the emission centroid. That has lead to the following definition (Evrard et al.
(1993); Poole et al. (2006); Maughan et al. (2008)):

ω =
1

Rap

(
1

N − 1

N∑
i=1

(∆i − 〈∆〉)2

)1/2

(3.2)

With Rap, ∆i and 〈∆〉 being the aperture, the distance between the X-ray peak and the center
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of the ith aperture and the mean centroid of the cluster emission, resprectively.

In contrast to the observational data, Magneticum uses subfind algorithms in order to deter-
mine where the center of the most massive subcluster is located (Dolag et al., 2009). Therefore,
instead of using the definition of ω given in Equation 3.2, only the centroid shifts relative to
the potential minimum of the most massive subcluster were taken.

The ω values calculated by Yuan and Han (2020) were extracted from Table 1 1. In this Ta-
ble the first 117 (amounting to the same sample size as the simulated dataset) clusters with
a given ω were taken into account. The observational data consists of 964 galaxy clusters
archived by the Chandra X-ray Observatory.2 In order to match the skaling with the data
from Magneticum, the logarithmic values had to be transformated into linear values. Figure
3.8 monitores a comparison of the observational and the simulated data. In Subfigure 3.8 (i)
a histogram of the centroid shift from the observed data and the data of Sample 1 was plot-
ted, whereas in Subfigure 3.8 (ii), Sample 2 was taken into account. In both plots the mean
simulated centroid shift extents to a larger distance than the observed one. However, this
consequence originates from the initial constraint that only merging substructures have been
considered in the simulated dataset, whereas the observational data consists of dynamically
relaxed and merging subclusters. It stands out that the centroid difference of observed and
simulated data ∆ω from Sample 1 amounts to a larger value of ∆ωS1 ≈ 0.076 r/Rap than
from Sample 2 , amounting to ∆ωS2 ≈ 0.021 r/Rap. This points out the strong correlation of
the dynamical state of a galaxy cluster and its centroid shift, since a large ∆ωS1 was expected,
considering the initial constraints.

(i) (ii)

Figure 3.8: Comparison of the by Magneticum simulated and the observed centroid shift ω provided
by Yuan and Han (2020). In Subfigure (i) Sample 1 was compared to the observations, wheras Sample
2 was investigated in Subfigure (ii).

1http://zmtt.bao.ac.cn/galaxy_clusters/dyXimages/
2https://cxc.cfa.harvard.edu/

http://zmtt.bao.ac.cn/galaxy_clusters/dyXimages/
https://cxc.cfa.harvard.edu/
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Chapter 4

The Offset of Total Mass Density
Positions in Merging Cluster

4.1 Morphological Evolution of Mass Distributions over Time

In order to analyze the mass distribution of the subcluster regarding the SZ and X-ray offsets,
the merger constellation as discussed in Section 1.2.4 needs to be confirmed in order to be
repoducible. Therefore, a closer look was randomly taken at a cluster (Magneticum Cluster
ID 65), extracted from the Table of detected shocks in merging clusters A.1. Here, the cluster
is illustrated at four different stages of redshifts, which include the cluster’s relative pressure,
the Compton-y-parameter, the X-ray luminosity and the total mass density respectively (see
Figure 4.1). Considering redshift z = 0.34, the left subcluster can be identified as the bullet
colliding with the more massive target, which is represented by the centered, bright peak. At
redshift z = 0.29, the lighter subcluster has passed the central subcluster and traces a strong
shock. At the redshifts z = 0.29 and z = 0.25, the total mass density displays very well
how much the light DM clump is offset from its target. As already motivated in Section 1.1
this merger appearance is relatable to the so-called Bullet Cluster. Indeed, a merger process
similar to the Bullet Cluster was reproduced by Mastropietro and Burkert (2008). It can be
concluded that the bullet remains mostly as dark matter, since as well as in the Compton-y as
in the X-ray maps, no brightness peaks can be located anymore, where the total mass peak is
expected. Considering the surrounding, randomly distributed shocks, one can conclude that
the merger was not perfectly head-on, yet still reproduces the expected morphologies evolving
over time.

4.2 Distribution of Total Mass Density Offset Centroids

By considering the counts of the total mass density (TMD) offset distribution, the difference of
Sample 1 and Sample 2 is still recognizable (see Figure 4.2). In these histograms, the counted
mass distributions follow a similar shape as the SZ and X-ray centroid offset distributions (see
Figure 3.7), as well as in Sample 1 as in Sample 2, where the mean TMD offset is lower than
the mean SZ and X-ray offsets. This may lead to a confusion, because a strong separation is
obviously noticable in Figure 4.1. It should be noted that - even if a strong separation of sub-
cluster mass distributions is detectable - the surviving bullet is by far lighter than the target.
Hence, the calculated centroid of the TMD distribution would be shifted towards the lower
potential of the whole galaxy cluster, which leads to a decrease in the mean barycenter offset

23
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Figure 4.1: Ongoing merger at four different states from z = 0.38 to z = 0.25. The direction of the
shock and morphology can be extracted from the relative pressure frames, whereas the Compton-y
and the X-ray maps illustrate offset brightness peaks and the total mass density mainly traces the
DM clumps.

of the merging subclusters. In Subfigure 4.2 (ii), most counts are slightly oriented towards the
cluster’s barycenter, and only a few are located at high offsets. This supports the statement
that Sample 2 could mainly host merging clusters which do not have the desired initial kinetic
energy to form shock waves. The few counts in the range of 0.25 to 0.3R/r500c could indeed
be identified as subclusters, which initially formed shocks and dissipated later. On the other
hand, it could be possible that clusters have been mistakenly assigned to Sample 2, because
the shocks are located way beyond the range these fits files can display. The TMD offsets of
Sample 1 are similar to the SZ and X-ray peak offsets more evenly distributed over distance.
However, the distribution range is better comparable with the distribution range of the X-ray
offset peaks - especially regarding the similarity of their distribution shapes, which points to-
wards a correlation of an SZ-X-ray-TMD scaling. This is investigated in the following Section.
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(i) (ii)

Figure 4.2: TMD centroid offset distribution of Sample 1 (i) and Sample 2 (ii). The mean offset in
(ii) shows a slight decrease, amounting to approximately 2.6% in distance in comparison to (i).

4.3 Correlation of SZ, X-ray and TMD Offsets

Finally, the possible correlation between clusters hosting shocks and the SZ, X-ray or TMD
centroid offset peak distributions, as well as relation between the SZ-X-ray offset and its
distance relative to the barycenter of the cluster, were investigated. First, the SZ-X-ray dis-
placement related with single SZ or X-ray offset were examined, as a potential relative distance
increase for further distant SZ or X-ray peaks due to the proceeding merger dynamic was pre-
viously suggested. In Figure 4.3, Sample 1 and Sample 2 were plotted in blue and orange,
respectively. In (i), the x-axis represents the SZ centroid offset, whereas in (ii), the X-ray
centroid offset is plotted. In detail, large SZ-X-ray signal offsets can be coequally detected -
at small offsets as well as at the distant peripheries of the galaxy cluster. It should be noted,
however, that only the centroids were considered, since bright subclusters not belonging to the
merger could occur and possibly distort statistical results. By taking the brightness center of
both signals, it becomes apparent that SZ-X-ray displacement fluctuations could only differ
in the range of 0 to 0.14R/r500c. It shall be noted that the second plot derives from the first
one, however, it still showcases the underlying properties if only the X-ray spectrum can be
experementally observed.

(i) (ii)

Figure 4.3: Scatter plot of (i), the SZ centroid shift and SZ-X-ray displacement, and (ii), the X-ray
centroid shift and SZ-X-ray displacement. In the small SZ-X-ray range of 0 to 0.14R/r500c, both plots
show strong displacement fluctuations.

Taking into account every cluster from Sample 1 and Sample 2, the respectively matching
peaks in surface brightness and mass were extracted and scatter-plotted in order to see if the
distance of any offset scales with the other two. In Figure 4.4, the X-ray centroid offset peaks
are plotted against the SZ centroid offset peaks, with the TMD centroid shift color-coded
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from yellow to violet for increasing distances. It is unambiguously that all of the offsets cor-
relate to each other in both samples. It can be unequivocally stated that all of the offsets
correlate with each other in both samples, which means that if an offset detected from the SZ
effect relative to the barycenter of the clusters is detected, also an offset of the X-ray surface
brightness offset (and vice versa) can be expected on a linear scale. Thus, the separation of
subcluster masses increases with the distance of SZ and X-ray offsets. However, in Sample
2 it is noticable that these correlations occur in slightly different scalings. In 4.4 (ii), TMD
offsets in the range of 0.2 to 0.3R/r500c only occur at the largest offsets in SZ and X-ray,
whereas in (i), high TMD offsets in the same range can already be detected at lower SZ and
X-ray offsets. It should also be noted that the scatter in (i) is almost evenly distributed over
the offset ranges. However in (ii), an accumulation at small SZ and X-ray offsets exhibits.
Separated by a diffuse gap of data points, only a reduced distribution at larger offsets catches
the eye. The difference in the offset distributions could be the result of low initial velocities of
subclusters, as also suggested by (Zhang et al., 2014) - in fact, a difference between Sample 1
and Sample 2 can definetely be noticed, especially in the x-range of 0.25 to 0.4R/r500c. In this
interval, a region (gray area) was placed in order to constitute the amount of included clus-
ters. By comparing Subfigure 4.4 (i) and (ii), only 6 clusters hosting no shocks were detected
in this range, whereas up to 17 clusters hosting shocks have been counted occurring under
these specific offset ranges. By considering these results, the probability that detected galaxy
clusters in the range of 0.25 to 0.4R/r500c could host shocks is 73.91%, so the correlations
partially indicate whether a shock can be detected or not. In fact, the chance of detecting
shocks is slightly increased by considering only strong offsets. An absolute certainty, however,
can not be provided, since Subfigure 4.4 (ii) also shows that, even if there are strong offsets
in different categories detected, shocks cannot necessarily be detected.

The fact that SZ and X-ray peak offsets are oriented towards the same direction, as showcased
in Figure 3.4, proved to be the exception rather than the rule would lead to randomly dis-
tributed offset relations. These counter examples, however, were only taken from considering
the brightest peaks, but not their brightness centroids. In order to obtain this linear scaling
relation, the centroid peaks must indeed point towards the same directions relative to the
target’s barycenter.

(i) (ii)

(i) (ii)

Figure 4.4: Scatter plots of X-ray and SZ offsets. The TMD offset distribution is color-coded from
yellow to violet for increasing distances. The data was extracted from Sample 1 and Sample 2.

In both samples, the slope is less than one, which suggests that a certain X-ray displacement
is always slightly larger than an SZ offset (e.g., in Subfigure 4.4 (i), the SZ centroid offset
is behind the X-ray centroid by a factor of 0.799). Assuming both centroids would point
in approximately the same direction, one could conclude that the X-ray peak is statistically
pointing stronger towards the clusters peripheries, hence tracing a possible shock. On the
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other hand, Subfigure 4.4 (ii) also has a slope less than one, which means that the SZ cen-
troid would still be located behind an X-ray centroid, independently of occurrences of shocks.
However, the exact slope of (ii) should not be taken into account, since the scattering tends
to increase for higher SZ and X-ray offsets.

Assuming both centroids are located on the same axis pointing in the same direction would
suggest an increase in the SZ-X-ray offset during the merger process. However, SZ-X-ray
displacements within this offset range of less than the half of r500c are negligibly small and
already resulted in random fluctuations in the range of 0 to 0.14R/r500c (as shown in Figure
4.3). By considering the slopes in Figure 4.4, the strong and random scatter effects could
only decrease at larger scales (around multiple r500c), which would render a prediction for
SZ-X-ray offset distances coming from a given SZ or X-ray offset unrealistic. This effect only
occurs due to the calculated brightness centroids - that being said, it is justifiable to conclude
that a large SZ centroid shift will presumably imply an X-ray centroid to be offset at a similar
distance and vice versa. Taking the linear distribution of the TMD relative to the SZ and
X-ray peaks into account, this conclusion would still hold by measuring mass distribution
centroid offsets.
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Chapter 5

Discussion

5.1 Conclusion

To sum up the results of this work, it should be noted that the evaluation and categorization
of shocks and their physical properties succumbs (at least to a certain degree) the subjective
perception of the author - for instance, detecting overpressured areas at the peripheries of
the cluster as shocks could not always be done unambiguously. However, from a statistical
perspective, the initial dataset consisting of 1043 galaxy clusters should have been large
enough to outweigh small variations of wrongly categorized clusters. Aside from subjective
interpretations of the measurement data, projection effects (as shown in Figure 3.5) account
for another source of uncertainty. In consideration of statistical variations, the main results
are briefly discussed in the following Subsections.

5.1.1 Assignment of Selective Surface Brightness Peaks and Centroid Off-
sets

In Section 3.2, it was shown that offset selective surface brightness peaks, e.g., the SZ effect,
do not strictly relate to corresponding shocks. According to Kale et al. (2017), a galaxy
cluster with the SZ peak is oriented towards the radio relic, and the X-ray peak oriented
towards its center, has been reported. However, a considerable proportion of the opposite
constellation was found to amount up to 8.55%. This instability of constellation could occur
due to very bright subclusters not necesserely belonging to the merger. In order to still obtain
a sufficient evidence considering brightness peak orientations, the SZ and X-ray centroid peaks
were calculated for further analysis. This led to the following correlations:

1 Due to the two-dimensional projection from a three-dimensional merger, it is possible
in some cases to detect shocks propagating from an equatorial origin. Since the collision
axis could be perpendicular to the projection plane, no SZ and X-ray peaks can be
observed, which means that a detected SZ-X-ray offset could imply that a shock was
found. A possible SZ and X-ray peak offset, however, cannot be inferred from a found
shock, since equatorial shocks (which could be misinterpreted as axial shocks) can be
detected as well.

2 The largest SZ-X-ray peak offset, which amounts to 304.09 kpc, was found in galaxy
cluster 461. This is less than a half of the reported offset in cluster PLCK G200.9-28.2.

3 The SZ-X-ray centroid offsets are a lot smaller than SZ-X-ray peak offsets and do not
differ over such a large range as the peak offsets.
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4 When measuring the SZ and X-ray centroid offsets relative to the barycenter of the
most massive subcluster, the mean SZ centroid offset peak tends to fall behind the
X-ray centroid peak, which can be revealed in Sample 1 and Sample 2 (see Figure
3.7). The only differences in Sample 1 are a mean offset distribution more oriented
towards the cluster’s peripheries, and a wider distribution spreading in the range of 0
to 0.4R/r500c.

5 The observed distribution shape of X-ray centroid shifts is comparable with the sim-
ulated ones. The mean centroid shifts, however, show a larger offset in the simulated
data indicating a generally more dynamic state of galaxy clusters compared to the data
obtained by observations (see Figure 3.8).

6 The centroid of the TMD distribution is less offset than the SZ and X-ray centroids.
The offset distribution shape of the TMD is comparable to the distributions mentioned
in key point 4 (also see Figure 4.2).

7 The SZ and X-ray centroid offsets are related linearly to each other, whereas the SZ
offset falls behind the X-ray offset by a fitted factor of 0.799. The TMD centroid offsets
also scale with the SZ and X-ray offsets. Sample 2 leaks in clusters hosting SZ and X-ray
offsets larger than 0.25R/r500c. Hence, larger offsets can indicate a higher probability
to detect merger shocks in galaxy clusters.

5.1.2 Observational Feasibility

From an observational point of view, the most interesting question is whether radio relics
can be observed under the condition of high offsets in measurable cluster’s properties or not.
Comparing Sample 1 and Sample 2 , a greater difference in terms of the centroid offsets of
SZ and X-ray emissions (see Figure 4.4 (i)) can be seen in higher ranges, i.e., 0.25R/r500c or
above. In this range, clusters occurred more frequently in Sample 1 than in Sample 2, hence
hosting shocks. In consideration of these datasets, the chance of finding shocks in this certain
range amounts to 73.01%. By comparing both samples in the range of less than 0.25R/r500c

of SZ or X-ray centroid offsets, no significant statement can be proposed anymore. Regarding
observational data, it could be promising to find shocked gas and therefore radio relics, once a
mean SZ or X-ray centroid offset of more than 0.25R/r500c relative to the target’s barycenter
is exceeded. Since the barycenter of the subcluster can only be identified by gravitational
lensing effects, this method provides additional observational data. In a recent study, where
a team of researches reported observational confirmation of new strong gravitational lensing
systems, one can get an idea of how many iterative steps are required in order to obtain
justifiable results (Nord et al., 2020). On the other hand, a large observational X-ray centroid
shift dataset provided by Yuan and Han (2020) was obtained using Equation 3.2. Since the
distribution shapes of the X-ray centroid shifts, as shown in Figure 3.8 only differ in a higher
mean centroid shift in the simulated data due to the initially set constraint of only considering
merging subclusters, it could be promising to study the observed galaxy clusters hosting high
centroid shifts in order to increase the chance of detecting radio relics.

5.2 Outlook

Since Sample 1 amounts to 117 merging galaxy clusters, the vast dataset consisting of 964
observed galaxy clusters with its centroid shifts ω (calculated by Yuan and Han (2020)) would
be an interesting source to compare larger datasets of simulated X-ray centroid shifts.



5.2. OUTLOOK 31

Furthermore, due to the two-dimensional projection, it could have been possible that equa-
tioral shocks have been detected and could have been mistakenly assigned to axial merger
shocks. Consequently, a parallel merger projection was considered, but since the merger axis
is perpendicular to the projection plane no SZ and X-ray peak offsets could have been de-
tected. For future investigations, it could be promising to consider the three-dimensional
cluster constellations, which can be extracted via the tool SimCut from the Web Portal.

In the future, the scaling relation of the SZ-X-ray-TMD centroid shifts (see Figure 4.4) could
be studied in greater detail, leading to a better understanding of the interaction of Baryonic
and Dark Matter in galaxy clusters.
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Appendix A

Data Tables

A.1 List of Merging Clusters with Detected Shocks

For the following tables of galaxy clusters where shocks have been detected, arranged by r500c,
the columns are labelled as follows:

A: SZ peak offset

B: X-ray peak offset

C: SZ centroid shift

D: X-ray centroid shift

E: SZ-X-ray peak displacement

F: SZ-X-ray centroid displacement

G: r500c

A B C D E F G

4.22 · 10−2 1.25 · 10−2 4.32 · 10−2 9.86 · 10−2 3.35 · 10−2 3.64 · 10−2 648.3
2.21 · 10−2 6.79 · 10−3 7.35 · 10−2 0.13 1.76 · 10−2 3.58 · 10−2 648.34
4.86 · 10−2 2.04 · 10−2 2.23 · 10−2 2.45 · 10−2 2.74 · 10−2 8.86 · 10−3 648.43

0.11 2.86 · 10−2 0.12 0.13 5.05 · 10−2 1.93 · 10−2 649.78
6.79 · 10−3 3.99 · 10−2 0.22 0.27 2.77 · 10−2 3.59 · 10−2 652.25

0.16 0.24 5.43 · 10−2 9.26 · 10−2 5.15 · 10−2 3.55 · 10−2 653.38
5.8 · 10−2 6.14 · 10−2 8.82 · 10−3 3.11 · 10−2 2.8 · 10−3 1.69 · 10−2 653.54
6.14 · 10−2 8.63 · 10−2 2.81 · 10−2 5.87 · 10−2 1.64 · 10−2 2.07 · 10−2 654.39

0.14 1.52 · 10−2 5.36 · 10−2 8.78 · 10−2 8.39 · 10−2 3.04 · 10−2 655.59
1.25 · 10−2 1.09 · 10−2 5.8 · 10−2 8.54 · 10−2 8.9 · 10−3 1.96 · 10−2 655.62
3.23 · 10−2 1.85 · 10−2 0.13 0.15 1.41 · 10−2 1.35 · 10−2 655.67
3.75 · 10−2 0.1 3.61 · 10−2 2.75 · 10−2 4.3 · 10−2 6.03 · 10−3 657.65
4.59 · 10−2 9.1 · 10−3 0.21 0.21 3.01 · 10−2 2.37 · 10−3 658.82
2.45 · 10−2 1.63 · 10−2 8.86 · 10−3 1.15 · 10−2 2.08 · 10−2 9.39 · 10−3 666.1

Table A.1: Table 1 of galaxy clusters where shocks have been detected.
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A B C D E F G

8.35 · 10−2 5.3 · 10−2 0.14 0.17 2.07 · 10−2 2.47 · 10−2 668.91
0.14 2.86 · 10−2 0.24 0.27 8.62 · 10−2 2.18 · 10−2 669.31
0.61 0.6 0.29 0.36 1.55 · 10−2 5.52 · 10−2 669.48

1.85 · 10−2 3.03 · 10−3 0.12 9.65 · 10−2 1.04 · 10−2 2.93 · 10−2 670.62
2.21 · 10−2 3.75 · 10−2 4.87 · 10−2 7.64 · 10−2 1.04 · 10−2 2.05 · 10−2 670.94

0.22 0.19 0.12 0.16 2.46 · 10−2 2.58 · 10−2 671.52
2.21 · 10−2 2.86 · 10−2 6.58 · 10−2 6.83 · 10−2 3.38 · 10−2 1.02 · 10−2 673.09

0.2 3.39 · 10−2 0.25 0.31 0.16 4.02 · 10−2 676.68
3.39 · 10−2 5.3 · 10−2 0.18 0.18 1.46 · 10−2 4.44 · 10−3 678.57
2.8 · 10−2 3.03 · 10−3 0.11 0.2 2.1 · 10−2 6.37 · 10−2 679.98
2.59 · 10−2 2.45 · 10−2 3.71 · 10−2 4.88 · 10−2 1.17 · 10−2 1.83 · 10−2 680.46
8.76 · 10−2 4.13 · 10−2 0.32 0.39 4.21 · 10−2 5.17 · 10−2 680.76
5.47 · 10−2 2.99 · 10−2 0.12 0.19 2.14 · 10−2 4.7 · 10−2 685.95
1.85 · 10−2 2.99 · 10−2 9.35 · 10−2 9.69 · 10−2 1.72 · 10−2 1.71 · 10−2 689.11
5.77 · 10−2 1.09 · 10−2 1.46 · 10−2 4.66 · 10−2 3.39 · 10−2 3.15 · 10−2 693.06
1.63 · 10−2 1.52 · 10−2 5 · 10−2 5.92 · 10−2 2.98 · 10−3 1.66 · 10−2 694.89
1.63 · 10−2 1.94 · 10−2 2.49 · 10−2 1.82 · 10−2 2.42 · 10−2 1.19 · 10−2 698.12
9.94 · 10−2 0.19 0.11 0.12 6.6 · 10−2 1.63 · 10−2 698.23
1.09 · 10−2 2.37 · 10−2 5.53 · 10−2 3.64 · 10−2 1.76 · 10−2 1.79 · 10−2 701.98
4.71 · 10−2 2.04 · 10−2 0.24 0.25 1.94 · 10−2 9.38 · 10−3 705.08

0.33 0.54 0.3 0.35 0.15 3.67 · 10−2 706.66
3.05 · 10−2 0.63 0.13 0.16 0.43 2.68 · 10−2 710.26
4.51 · 10−2 2.37 · 10−2 0.12 0.18 1.56 · 10−2 4.65 · 10−2 713.35

0.2 0.36 0.28 0.33 0.16 4.3 · 10−2 714.67
7.08 · 10−2 0.62 0.13 0.22 0.42 6.44 · 10−2 714.8
6.79 · 10−3 2.86 · 10−2 2.62 · 10−2 3.58 · 10−2 2.54 · 10−2 6.92 · 10−3 716.51

0.51 0.63 0.29 0.33 0.1 2.96 · 10−2 719.65
0.13 0.14 0.16 0.17 2.42 · 10−2 1.04 · 10−2 720.55

3.94 · 10−2 1.85 · 10−2 0.13 0.12 1.58 · 10−2 7.58 · 10−3 721.64
4.26 · 10−2 1.85 · 10−2 0.12 0.18 1.76 · 10−2 4.72 · 10−2 725.16
3.03 · 10−3 6.79 · 10−3 0.12 0.12 3.11 · 10−3 9.98 · 10−3 725.66
6.74 · 10−2 3.34 · 10−2 8.38 · 10−2 7.34 · 10−2 2.51 · 10−2 9.69 · 10−3 726.9
8.92 · 10−2 6.26 · 10−2 0.23 0.26 2.44 · 10−2 2.5 · 10−2 728.05
1.63 · 10−2 3.03 · 10−3 8.37 · 10−2 0.1 9.9 · 10−3 2.63 · 10−2 729.76

Table A.2: Table 2 of galaxy clusters where shocks have been detected.
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A B C D E F G

0.28 0.12 0.13 0.31 0.13 0.13 730.4
2.59 · 10−2 1.52 · 10−2 3.03 · 10−2 4.48 · 10−2 1.83 · 10−2 1.56 · 10−2 732.83
4.26 · 10−2 2.21 · 10−2 4.4 · 10−2 5.39 · 10−2 1.7 · 10−2 8.95 · 10−3 734.83
9.35 · 10−2 9.48 · 10−2 7.82 · 10−2 6.08 · 10−2 7.9 · 10−2 2.93 · 10−2 736.04

0.45 2.99 · 10−2 0.25 0.33 0.31 6.08 · 10−2 736.36
3.39 · 10−2 2.37 · 10−2 5.1 · 10−2 2.85 · 10−2 8.95 · 10−3 1.94 · 10−2 737.76
1.25 · 10−2 9.1 · 10−3 7.63 · 10−2 7.05 · 10−2 1.27 · 10−2 6.14 · 10−3 739.3
2.45 · 10−2 1.09 · 10−2 4.99 · 10−2 3.83 · 10−2 1.15 · 10−2 9.26 · 10−3 740

0.25 1.63 · 10−2 0.12 0.17 0.17 3.73 · 10−2 743.33
1.63 · 10−2 2.21 · 10−2 0.13 0.13 2.59 · 10−2 1.17 · 10−2 748.07
9.72 · 10−2 9.1 · 10−3 1.49 · 10−2 7.88 · 10−3 7.76 · 10−2 6.25 · 10−3 752.77

0.22 9.41 · 10−2 7.38 · 10−2 9.93 · 10−2 9.62 · 10−2 3.09 · 10−2 753.61
5.19 · 10−2 1.25 · 10−2 0.16 0.16 2.98 · 10−2 7.75 · 10−3 753.63
4.98 · 10−2 1.85 · 10−2 2.55 · 10−2 5.18 · 10−2 3.33 · 10−2 2.81 · 10−2 754.49
9.31 · 10−2 1.85 · 10−2 6.02 · 10−2 7.06 · 10−2 5.84 · 10−2 2.41 · 10−2 754.56
3.39 · 10−2 2.86 · 10−2 3.74 · 10−2 6.74 · 10−2 1.76 · 10−2 2.31 · 10−2 761.21
1.25 · 10−2 3.03 · 10−3 1.87 · 10−2 1.07 · 10−2 1.04 · 10−2 6.84 · 10−3 766.55
2.99 · 10−2 3.03 · 10−3 7.47 · 10−2 9.32 · 10−2 2.4 · 10−2 2.46 · 10−2 768.01
1.09 · 10−2 1.25 · 10−2 0.29 0.37 6.61 · 10−3 6.26 · 10−2 769.89
6.11 · 10−2 9.11 · 10−2 4.49 · 10−2 6.98 · 10−2 2.35 · 10−2 2.12 · 10−2 775.42
7.29 · 10−2 1.63 · 10−2 0.14 0.17 6.33 · 10−2 1.91 · 10−2 782.27
2.8 · 10−2 3.8 · 10−2 1.82 · 10−2 2.58 · 10−2 1.22 · 10−2 7.63 · 10−3 788.28
1.09 · 10−2 6.79 · 10−3 1.9 · 10−2 4.54 · 10−2 9.59 · 10−3 2.47 · 10−2 789.77
5.37 · 10−2 8.01 · 10−2 8.97 · 10−2 9.92 · 10−2 2.93 · 10−2 8.24 · 10−3 794.95
1.25 · 10−2 2.04 · 10−2 3.82 · 10−2 4.98 · 10−2 2.4 · 10−2 1.18 · 10−2 798.58

0.29 6.4 · 10−2 0.23 0.29 0.18 4.76 · 10−2 798.78
9.1 · 10−3 6.79 · 10−3 1.79 · 10−2 8.37 · 10−3 1.09 · 10−2 1.73 · 10−2 804.72
3.8 · 10−2 1.63 · 10−2 8.22 · 10−2 9.33 · 10−2 4.05 · 10−2 1.36 · 10−2 809.46

0.27 0.3 0.27 0.31 3.89 · 10−2 3.05 · 10−2 810.09
6.68 · 10−2 1.09 · 10−2 6.71 · 10−2 8.15 · 10−2 4.68 · 10−2 1.72 · 10−2 811.13
2.73 · 10−2 6.79 · 10−3 0.15 0.14 1.77 · 10−2 7.48 · 10−3 825.4
1.52 · 10−2 1.09 · 10−2 7.11 · 10−2 6.86 · 10−2 2.07 · 10−2 2.85 · 10−2 826.69
4.55 · 10−2 1.85 · 10−2 0.15 0.19 3.36 · 10−2 4.05 · 10−2 829.73
2.04 · 10−2 5.47 · 10−2 4.66 · 10−2 6.36 · 10−2 2.9 · 10−2 2.04 · 10−2 837.01

Table A.3: Table 3 of galaxy clusters where shocks have been detected.
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A B C D E F G

4.9 · 10−2 6.79 · 10−3 0.16 0.18 3.57 · 10−2 1.9 · 10−2 843.7
0.22 0.23 0.22 0.28 1.09 · 10−2 5.22 · 10−2 848.45

6.63 · 10−2 9.43 · 10−2 9.82 · 10−2 0.12 2.79 · 10−2 2 · 10−2 853.8
1.63 · 10−2 2.86 · 10−2 2.86 · 10−2 2.52 · 10−2 2 · 10−2 3.64 · 10−3 866.32
1.85 · 10−2 6.79 · 10−3 3.21 · 10−2 2.81 · 10−2 1.18 · 10−2 1.07 · 10−2 870.78
6.74 · 10−2 5.8 · 10−2 0.13 0.15 1.06 · 10−2 2.94 · 10−2 874.91
4.86 · 10−2 1.25 · 10−2 5.86 · 10−3 1.57 · 10−2 4.2 · 10−2 1.86 · 10−2 876.03
4.34 · 10−2 3.94 · 10−2 0.15 0.16 4.71 · 10−2 1.42 · 10−2 887.51
3.99 · 10−2 3.75 · 10−2 0.17 0.15 3.81 · 10−3 2.19 · 10−2 888.23
4.9 · 10−2 1.52 · 10−2 1.66 · 10−2 3.92 · 10−2 3.13 · 10−2 2.27 · 10−2 903.82

0.27 2.21 · 10−2 9.47 · 10−2 0.12 0.25 2.66 · 10−2 906.6
2.8 · 10−2 4.08 · 10−2 0.17 0.18 2.23 · 10−2 2.84 · 10−2 918.94
4.26 · 10−2 1.09 · 10−2 5.33 · 10−2 7.52 · 10−2 3.54 · 10−2 2.04 · 10−2 923.33
9.15 · 10−2 3.39 · 10−2 0.22 0.21 5.54 · 10−2 1.57 · 10−2 929.13
8.19 · 10−2 0.11 6.51 · 10−2 6.97 · 10−2 6.27 · 10−2 4.42 · 10−3 935.37

0.3 0.4 0.15 0.2 0.1 4.59 · 10−2 939.45
3.94 · 10−2 5.8 · 10−2 5.96 · 10−2 8.07 · 10−2 2.85 · 10−2 2.07 · 10−2 947.32
6.82 · 10−2 4.94 · 10−2 3.07 · 10−2 2.54 · 10−2 2.05 · 10−2 1.75 · 10−2 953.87
5.3 · 10−2 3.65 · 10−2 5.19 · 10−2 5.71 · 10−2 2.13 · 10−2 2.34 · 10−2 972.28

0.23 7.11 · 10−2 9.15 · 10−2 0.14 0.2 6.16 · 10−2 1,001.39
9.88 · 10−2 0.19 4.39 · 10−2 7.66 · 10−2 9.62 · 10−2 3.3 · 10−2 1,009.18
8.88 · 10−2 5.86 · 10−2 6.3 · 10−2 6.11 · 10−2 3.53 · 10−2 2.44 · 10−2 1,019.01
3.8 · 10−2 2.45 · 10−2 0.12 0.17 2.2 · 10−2 6.14 · 10−2 1,024.8
4.9 · 10−2 5.37 · 10−2 0.25 0.27 1.97 · 10−2 3.41 · 10−2 1,027.29
5.98 · 10−2 2.8 · 10−2 7.18 · 10−2 6.6 · 10−2 3.6 · 10−2 1.34 · 10−2 1,047.66
2.99 · 10−2 5.47 · 10−2 0.14 0.17 2.73 · 10−2 4.84 · 10−2 1,061.92
2.21 · 10−2 1.94 · 10−2 5.51 · 10−2 2.8 · 10−2 3.72 · 10−2 2.91 · 10−2 1,075.06
3.03 · 10−3 1.09 · 10−2 1.07 · 10−2 1.98 · 10−2 1.39 · 10−2 1.59 · 10−2 1,079.75
6.79 · 10−3 1.52 · 10−2 4.65 · 10−2 5.9 · 10−2 1.06 · 10−2 2.37 · 10−2 1,107.12

0.1 6.63 · 10−2 9.45 · 10−2 0.14 3.97 · 10−2 5.07 · 10−2 1,122.66
0.25 0.26 0.17 0.2 3.14 · 10−2 3.36 · 10−2 1,141.31

2.37 · 10−2 3.28 · 10−2 1.2 · 10−2 5.31 · 10−2 4.47 · 10−2 6.62 · 10−2 1,163.3
4.26 · 10−2 3.8 · 10−2 0.18 0.17 2.77 · 10−2 2.59 · 10−2 1,199.44
8.82 · 10−2 4.34 · 10−2 5.58 · 10−2 9.38 · 10−2 5.77 · 10−2 4.93 · 10−2 1,202.53

0.2 0.21 0.12 0.15 1.47 · 10−2 6.56 · 10−2 1,537.01

Table A.4: Table 4 of galaxy clusters where shocks have been detected.
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Derivations

B.1 Photon’s Energy After Inverse Compton Scattering

p =

(
Ee
c
, ~p

)T
; p′ =

(
E′e
c
, ~p ′
)T

︸ ︷︷ ︸
Electron

& q =

(
Eγ
c
,
Eγ
c
~n

)T
; q′ =

(
E′γ
c
,
E′γ
c
~n ′
)T

︸ ︷︷ ︸
Photon

(B.1)

Where Eγ is the photon’s energy, Ee the electron’s energy, |~p | is the electron’s absolute
momentum and γ is the Lorentz factor, with:

Eγ = hν; Ee = γmec
2; |~p | = γmec|~β |; γ =

(
1− ~β2

)− 1
2

; |~β | = |~v |
c

(B.2)

~n is the unit vector pointing in the propagating direction. From the energy-momentum
relation, the following expressions can be obtained:

p2 = p′2 = (mec)
2 & q2 = q′2 = 0 (B.3)

From conservation of momentum, the following equality holds:

p′ = p+ q − q′ (B.4)

(p′)2 = (p+ q − q′)2 (B.5)

(p′)2 = (p)2 + (q)2 + (q′)2 + 2pq − 2pq′ − 2qq′ (B.6)
0 = pq − pq′ − qq′ (B.7)

Now, the mixed terms need to be calculated. It is crucial to use Minkowski spacetime η =
diag(+,−,−,−) for the following derivation.

pq =

(
Ee
c
,−~p

)(
Eγ
c
,
Eγ
c
~n

)T
(B.8)

=
EeEγ
c2
− |~p||~n|Eγ

c
cosψ (B.9)

= γmeEγ − γmeEγβ cosψ (B.10)
= γmeEγ(1− cosψ) (B.11)

47
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pq′ =

(
Ee
c
,−~p

)(
E′γ
c
,
E′γ
c
~n ′
)T

(B.12)

(B.11)
= γmeE

′
γ(1− β cosψ′) (B.13)

qq′ =

(
Eγ
c
,
Eγ
c
~n

)(
E′γ
c
,
E′γ
c
~n ′
)T

(B.14)

=
EγE

′
γ

c2
−
EγE

′
γ

c2
|~n||~n ′| cosϕ (B.15)

=
EγE

′
γ

c2
(1− cosϕ) (B.16)

Re-expressing pq, pq′ and qq′ from Equation B.7 finally leads to

E′γ =
Eγ(1− β cosψ)

(1− β cosψ′) +
Eγ
Ee

(1− cosϕ)
(B.17)
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B.2 Rankine-Hugoniot Jump Conditions

For the jump conditions, following laws of conservation are required:

(i) Conservation of mass:

j = ρ1v1 = ρ2v2 (B.18)

(ii) Conservation of momentum:

p1 + ρ1v
2
1 = p2 + ρ2v

2
2 (B.19)

(iii) Conservation of energy flux:

ρ1v1

(
1

2
v2

1 + w1

)
= ρ2v2

(
1

2
v2

2 + w2

)
(B.20)

Further useful relations are:

a) Volume

V = %−1 (B.21)

b) Enthalpy per unit mass for perfect gas:

wi =
γpiVi
γ − 1

(B.22)

c) Perfect gas law:

p1V1

T1
=
p2V2

T2
(B.23)

d) Mach number:

M =
v

c
= v

√
ρ

γp
(B.24)

j2 (B.18)
= ρ2

1v
2
1 (B.25)

(B.19)
= ρ2

1

(
ρ−1

1 (p2 − p1 + ρ2v
2
2)
)

(B.26)
(B.21)

= V −1
1

(
p2 − p1 + V −1

2 V 2
1 j

2
)

(B.27)
p2 − p1

V1
= j2 − j2V2

V1
(B.28)

j2 =
p2 − p1

V1 − V2
(B.29)
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0
(B.20)

= w1 − w2 +
1

2

(
v2

1 − v2
2

)
(B.30)

(B.18),(B.21)
= w1 − w2 +

1

2
j2
(
V 2

1 − V 2
2

)
(B.31)

(B.22)
=

γ

γ − 1
(p1V1 − p2V2) +

1

2
j2(V1 − V2)(V1 + V2) (B.32)

(B.29)
= 2γ(p1V1 − p2V2) + (γ − 1)(p2 − p1)(V1 + V2) (B.33)
= V1 (p1(γ + 1) + p2(γ − 1)) + V2 (p1(1− γ)− p2(γ + 1)) (B.34)

V2

V1
=

p1(γ + 1) + p2(γ − 1)

p1(γ − 1) + p2(γ + 1)
(B.35)

j2 (B.29),(B.35)
=

p2 − p1

V1 − V1
p1(γ+1)+p2(γ−1)
p1(γ−1)+p2(γ+1)

(B.36)

=
(p2 − p1) (p1(γ − 1) + p2(γ + 1))

V1 (p1(γ − 1) + p2(γ + 1)− p1(γ + 1)− p2(γ − 1))
(B.37)

=
(p2 − p1) (p1(γ − 1) + p2(γ + 1))

2V1(p2 − p1)
(B.38)

=
p1(γ − 1) + p2(γ + 1)

2V1
(B.39)
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1
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(B.43)
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Now, considering strong shocks (M � 1) and monoatomic gas (γ = 5/3), following conditions
are obtained:

p2

p1

B.44
=

2γM2

γ + 1
=

5

4
M2 (B.51)

ρ2

ρ1

B.48
=

v1

v2
=
γ + 1

γ − 1
= 4 (B.52)

T2

T1

B.50
=

2γ(γ − 1)M2

(γ + 1)2
=

5

16
M2 (B.53)
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